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Abstract
We use a generalization of Wiener’s 1/f theorem to prove that for a Gabor frame with the generator in
the Wiener amalgam space W(L∞, 1)(Rd), the corresponding frame operator is invertible on this space.
Therefore, for such a Gabor frame, the canonical dual belongs also to W(L∞, 1)(Rd).
© 2008 Elsevier Inc. All rights reserved.
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1. Introduction
For ,  > 0 and g ∈ L2(Rd), let Mmg(x) = e−2im·xg(x) and Tng(x) = g(x − n).
The collection G(g, , ) = {gm,n = MmTng, m, n ∈ Zd} in L2(Rd) is called a Gabor frame
if there exist positive constants 0 < AB < ∞ such that for each f ∈ L2(Rd) the following
inequalities hold:
A‖f ‖2
L2
∑
m,n∈Zd
|〈f, gm,n〉|2B ‖f ‖2L2 . (1)
Equivalently, the frame condition can be restated in terms of the frame operator Sg : L2(Rd) →
L2(Rd) associated with G(g, , ) and given by
Sgf =
∑
m,n∈Zd
〈f, gm,n〉gm,n, f ∈ L2(Rd). (2)
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In particular, G(g, , ) is a frame for L2 if and only if
A‖f ‖2
L2〈Sgf , f 〉B‖f ‖2L2 for all f ∈ L2(Rd).
When G(g, , ) is a frame for L2 then with g˜ = S−1g g the following reconstruction formulas
hold:
f =
∑
m,n∈Zd
〈f, g˜m,n〉gm,n =
∑
m,n∈Zd
〈f, gm,n〉g˜m,n.
Moreover, G(g˜, , ) is also a Gabor frame for L2 called the canonical dual (Gabor) frame.
We refer to [12,20,25] for more on Gabor analysis.
A central question in Gabor analysis is to ﬁnd conditions on ,  > 0 and g ∈ L2 such that
G(g, , ) is a Gabor frame for L2. Moreover, in many applications it is desirable to ﬁnd a Gabor
frame such that the generator g and its canonical dual g˜ have the same properties, e.g., same type
of decay and/or smoothness. For example, it was proved that if g ∈ S(Rd) the Schwartz class, and
,  > 0 are such that G(g, , ) is a Gabor frame, then g˜ ∈ S [27]. Similarly, let (x) = e−x2
and deﬁne the short time Fourier transform of f ∈ S ′ by
Vf (x,) = 〈f,MTx〉 =
∫
Rd
f (t)(t − x) e−2it · dt.
The space M1(Rd) of all f ∈ S ′ such that
‖f ‖M1 =
∫ ∫
R2d
|Vf (x,)| dx d < ∞
is also known as the Feichtinger algebra [15]. In this context, Gröchenig and Leinert proved a deep
result that shows that if g ∈ M1(Rd) and ,  > 0 are such that G(g, , ) is a Gabor frame, then
g˜ ∈ M1 [23]. More speciﬁcally, using the so-called Janssen’s representation of the Gabor frame
operator, which converges absolutely in B(L2(Rd)) whenever g ∈ M1, Gröchenig and Leinert,
recasted the question into a non-commutative version of the celebrated 1/f Wiener’s lemma [37]
involving the twisted convolution. We refer to [18] for background on the twisted convolution.
Note that similarly to S, M1 is also invariant under the Fourier transform [15,20]. Moreover,
it is trivially seen that G(g, , ) is a Gabor frame if and only if G(gˆ, , ) is a Gabor frame.
Therefore, the above results simply say that the generator of a Gabor frame and its canonical dual
have the same time–frequency concentration. Similar results involving time or frequency only
conditions were proved in [6,7]. We refer to [9,11] for some related results.
In this paper, we prove a similar result that shows that if a Gabor frame G(g, , ) is generated
by g ∈ W(L∞, 1) then its canonical dual g˜ ∈ W(L∞, 1), where  is an admissible weight
(see Deﬁnition 2.1) and the space W(L∞, 1) is a weighted Wiener amalgam space. In fact, our
results will hold on more general amalgam spaces, e.g., W(L∞, p ) for 1p2. Furthermore,
our results generalize similar ones obtained by Walnut with some extra conditions [35]. The un-
weighted amalgam space W(L∞, 1) was introduced by Wiener in connection with the Tauberian
Theorems [37]. The precise deﬁnition of W(L∞, 1) is given as follows.
For  > 0 let Q = [0, )d and Q be the characteristic function of Q. Let also  : Zd →
[1,∞) be a weight function. A function f ∈ W(L∞, 1) if and only if
‖f ‖W(L∞,1 ) =
∑
n∈Zd
‖f · TnQ‖L∞(n) < ∞. (3)
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Moreover, equippedwith this normW(L∞, 1) is a Banach space, whose deﬁnition is independent
of  in the sense of equivalent norm. Furthermore, the following embeddings can be easily estab-
lished: S ⊂ M1 ⊂ W(L∞, 1) ⊂ W(L∞, 1) ⊂ L2. We refer to [16,24] for more background
on the Weiner amalgam spaces.
We wish to point out that, the condition g ∈ W(L∞, 1) is not enough for the Gabor frame
operator to admit an absolutely convergent Janssen’s representation [20, Section 7.2]. Therefore,
our result does not follow from [23]. To prove our result, we rely instead on another representation
of the Gabor frame operator: Walnut’s representation [35]. In particular, our proof is derived using
this representation of the frame operator together with a far-reaching generalization of the 1/f
Wiener’s lemma due to Baskakov [4,5]. This particular extension of the lemma turns out to be the
most suitable for us among its numerous analogs, see [1,3,19,23,26,29,32–34]. Another analog
that is suitable for us and pertains to the almost periodic situation will appear in [2]. We observe
that Kurbatov [30,28] seems to be the ﬁrst to use this type of result in the context of amalgam
spaces. We also refer to [14] for relevant results.
Our paper is organized as follows. In Section 2 we state the precise version of the 1/f Wiener’s
lemma that is suited to our result. Moreover, we introduce the two main tools used in proving
our result: Walnut’s representation of the Gabor frame operator and the bracket product. In
Section 3 we state and prove our main result and, furthermore, outline a second and different
proof. The second approach, however, relies on a conjecture that we have not been able to prove,
yet. Finally, in Section 4, we outline further extensions of our results.
2. Preliminaries
2.1. Wiener’s lemma for Fourier series of operators
In this section we present a reformulation of a non-commutative Wiener’s lemma proved by
Baskakov [4,5]. We begin by introducing a notion of a Fourier series of a linear operator with
respect to a representation of a compact Abelian group.
Although the results of this section hold for an arbitrary compact Abelian group, we restrict
our attention to Q1/ = [0, 1/)d , which is speciﬁcally tailored for our application. We use an
additive form for the group operation onQ1/. For an isometric strongly continuous representation
U : Q1/ → B(X), where B(X) is the algebra of all bounded linear operators on a (complex)
Banach space X, we deﬁne U˜ : Q1/ → B(B(X)) via
U˜ (	)A = U(	)AU(−	), 	 ∈ Q1/, A ∈ B(X).
Following [4], the Fourier series of an operator A ∈ B(X) with respect to the representation U is,
by deﬁnition, the Fourier series of the function Aˆ : Q1/ → B(X) given by
Aˆ(	) = U˜ (	)A, 	 ∈ Q1/.
Recall that this Fourier series is
Aˆ(	)f 
∑
k∈Zd
e2i	·kAkf, f ∈ X, (4)
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and the Fourier coefﬁcients Ak ∈ B(X) are given by
Akf = d
∫
Q1/
e−2i	·kAˆ(	)f d	 =
∫
[0,1)d
e−2i	·kAˆ
(
	

)
f d	. (5)
Observe that the Fourier coefﬁcients are eigen-vectors of the corresponding representation, i.e.,
U˜ (	)Ak = e2i	·kAk, k ∈ Zd . (6)
Example 2.1. We are especially interested in the case when X is the Hilbert space L2(Rd) and
the representation U : Q1/ → B(L2(Rd)) is deﬁned by
U(	)f (x) = M	f (x) = e2i	·xf (x), f ∈ L2(Rd).
Then the operators Tn/, n ∈ Zd , are eigen-vectors for the representation U˜ :
U(	)Tn/U(−	)f (x) = e2i	·nf
(
x − n

)
, f ∈ L2(Rd), n ∈ Zd .
This implies that any operator A ∈ B(L2(Rd)) has Fourier coefﬁcients of the form
An = GnTn/, n ∈ Zd ,
where Gn commute with M	 for all 	 ∈ Q1/. Therefore, by [30], Gn is an operator of
multiplication by a uniquely determined function Gn ∈ L∞(Rd), i.e.,
(Gnf )(x) = Gn(x)f (x) a.e., f ∈ L2(Rd).
Moreover,
‖An‖ = ‖Gn‖ = ‖Gn‖L∞ , n ∈ Zd .
Observe that this construction remains partly valid for any closed subspaceH ofL2(Rd) which
is invariant with respect to modulations M	, 	 ∈ R, and translations Tn/, n ∈ Zd . In this case,
however, we can no longer infer that the operators Gn, n ∈ Zd , uniquely determine a function
Gn ∈ L∞(Rd) such that (Gnf )(x) = Gn(x)f (x) a.e. Hence, we can only guarantee that
‖An‖ = ‖Gn‖‖Gn‖L∞ , n ∈ Zd .
As usual whenWiener’s lemma is discussed, we are interested in linear operators whose Fourier
series are summable or summable with a weight. We refer to [21] for more on the role of weight
functions in time–frequency analysis.
Deﬁnition 2.1. An admissible weight is a function  : Zd → [1,∞) such that
(1)  is an even function, that is, (−n) = (n), for all n ∈ Zd ,
(2) (k + n)(k)(n), for all k, n ∈ Zd , and
(3) limk→∞ k−1 ln (kn) = 0, for all n ∈ Zd .
For an admissible weight , and a Banach space X, we consider a Banach algebra
B(X) =
⎧⎨⎩A ∈ B(X) : ∑
k∈Zd
‖Ak‖ (k) < ∞
⎫⎬⎭
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of linear operatorswith -summable Fourier series, which is sometimes called aBaskakov algebra.
If  ≡ 1 we get the algebra B1 of operators with summable Fourier series.
The result below follows immediately from [4, Theorem 2 and Remark] or [2].
Theorem 2.1. Let  be an admissible weight and A ∈ B(X) be an invertible operator. Then
A−1 ∈ B(X). In particular, A ∈ B1 implies A−1 ∈ B1.
The next corollary, which follows immediately from Theorem 2.1 and Example 2.1, plays a
key role in establishing our main result.
Corollary 2.1. Let  > 0, and  be an admissible weight. Assume that an invertible operator
S∈B(L2(Rd)) has a -summable Fourier series, that is,
S =
∑
n∈Zd
GnTn/,
where Gn ∈ B(L2(Rd)) is the operator of multiplication by a function Gn ∈ L∞(Rd) and∑
n∈Zd ‖GnTn/‖(n)=
∑
n∈Zd ‖Gn‖L∞(n)<∞. Then the inverse operator S−1∈B(L2(Rd))
also has a -summable Fourier series, that is, there exists a sequence of functions G˜n ∈ L∞(Rd)
such that
S−1 =
∑
n∈Zd
G˜nTn/
and ∑
n∈Zd
‖G˜nTn/‖(n) =
∑
n∈Zd
‖G˜n‖L∞(n) < ∞,
where G˜n ∈ B(L2(Rd)) is the operator of multiplication by the function G˜n.
The following result is a different version of Corollary 2.1 that deals with operators deﬁned on
closed subspaces of L2.
Corollary 2.2. Let  > 0,  be an admissible weight, and H be a closed subspace of L2(Rd)
invariant with respect to modulations M	, 	 ∈ R, and translations Tn, n ∈ Zd . Assume that an
invertible operator S ∈ B(H) has a -summable Fourier series, that is,
S =
∑
n∈Zd
GnTn and
∑
n∈Zd
‖Gn‖(n) < ∞,
where the operators Gn ∈ B(H) commute with M	/ for all 	 ∈ Q. Then the inverse operator
S−1 ∈ B(H) also has a -summable Fourier series, that is, there exists a sequence of operators
G˜n ∈ B(H) commuting with M	/ for all 	 ∈ Q and such that
S−1 =
∑
n∈Zd
G˜nTn and
∑
n∈Zd
‖G˜n‖(n) < ∞.
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Remark 2.1. Observe that in Corollary 2.2, even though Gn, G˜n ∈ B(H) are operators of
multiplication by functions Gn, G˜n ∈ L∞(Rd), respectively, we can no longer guarantee that∑
n∈Zd
‖GnL∞‖(n) < ∞ and
∑
n∈Zd
‖G˜n‖L∞(n) < ∞.
In the following theorem we use Corollary 2.1 to establish the boundedness of operators S ∈
B(L2(Rd)) on the Wiener amalgam spaces W(L∞, 1).
Theorem 2.2. Let  > 0, and  be an admissible weight. Assume that S = ∑
n∈Zd GnTn/ ∈
B(L2(Rd)) has a -summable Fourier series.Then S deﬁnes a bounded operator fromW(L∞, 1)
to W(L∞, 1).
Proof. By assumption, S ∈ B,
S =
∑
n∈Zd
GnTn/,
whereGn ∈ B(L2(Rd)), n ∈ Zd , are the operators of multiplication by functions Gn ∈ L∞(Rd)
and
∑
n∈Zd ‖GnTn/‖(n) =
∑
n∈Zd ‖Gn‖L∞(n) < ∞. Hence, for f ∈ W(L∞, 1)
‖Sf ‖W(L∞,1 ) =
∥∥∥∥∥∥
∑
n∈Zd
(Tn/f )Gn
∥∥∥∥∥∥
W(L∞,1 )
=
∑
k∈Zd
∥∥∥∥∥∥
∑
n∈Zd
k/+Q1/(Tn/f )Gn
∥∥∥∥∥∥
L∞
(k)

∑
k,n∈Zd
∥∥∥k/+Q1/(Tn/f )∥∥∥L∞ (k)‖Gn‖L∞

∑
k,n∈Zd
‖(n+k)/+Q1/f ‖L∞(n + k)‖Gn‖L∞(n)
 ‖f ‖W(L∞,1 )
∑
n∈Zd
‖Gn‖L∞(n)∞,
and the proof is complete. 
Remark 2.2. Theorem 2.2 holds for general Wiener amalgam spaces W(Lp, q ), where  is an
admissible weight and 1p, q∞. The proof is similar to the above one and so we will omit it.
We also refer to [17,22] for related results.
2.2. Bracket product and Walnut representation
Unless stated otherwise, in all that follows we assume that ,  > 0,  is an admissible weight,
g ∈ W(L∞, 1) is such that G(g, , ) is a Gabor frame for L2, and g˜ = S−1g g ∈ L2 is the
canonical dual frame.
Let us recall a few properties of the bracket product widely used in the study of shift invariant
systems [8,10,31].
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For f, h ∈ L2(Rd) and  > 0 the -bracket product of f and h is the -periodic function, which
is a periodization of f · h¯ ∈ L1(Rd):
[f, h](x) =
∑
k∈Zd
(f · h)(x − k), (7)
x ∈ Q = [0, )d . Note that the series in (7) converges for a.e. x ∈ Q. Observe also that the
(formal) Fourier series of this periodic function is
[f, h](x)  −d
∑
n∈Zd
〈f,Mn/h〉e2in·x/. (8)
For g ∈ W(L∞, 1), let
Gn(x) = [g, Tn/g](x) =
∑
k∈Zd
(g · Tn/g)(x − k). (9)
For the dual generator g˜ = S−1g g we let G˜n be
G˜n(x) = [g˜, Tn/g˜](x) =
∑
k∈Zd
(g˜ · Tn/g˜)(x − k), (10)
which is well-deﬁned for a.e. x ∈ Q since g˜ · Tn/g˜ ∈ L1.
It can be shown [20, Lemma 6.3.1], see also [22, Lemma 5.2] and [35, Lemma 2.1], that there
exists a constant C which depends only on ,  and d such that∑
n∈Zd
‖Gn‖L∞(Q)(n)C‖g‖2W(L∞,1 ) < ∞ (11)
and ∑
n∈Zd
∥∥[g, Tng]1/∥∥L∞(Q1/) (n)C‖g‖2W(L∞,1 ) < ∞. (12)
In Lemma 2.1, we shall present a converse to the above statement that will play a key role in
obtaining our main result. To prove it we introduce theWalnut representation of the Gabor frame
operators Sg and Sg˜ . Following [20, Proposition 7.1.1], we have
〈
Sgf , h
〉 = 〈−d ∑
n∈Zd
Gn · Tn/f , h
〉
, (13)
〈
Sg˜f , h
〉 = 〈−d ∑
n∈Zd
G˜n · Tn/f , h
〉
, (14)
for all f, h bounded and compactly supported. In fact, because g ∈ W(L∞, 1) the operator Sg
has a strong Walnut representation [20, Theorem 6.3.2]
Sgf = −d
∑
n∈Zd
GnTn/f = −d
∑
n∈Zd
Gn Tn/f, f ∈ L2(Rd), (15)
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where Gn ∈ B(L2(Rd)) is the operator corresponding to multiplication by the bounded func-
tion Gn given in (9). Moreover, observe that ‖Gn‖ = ‖Gn‖L∞(Q) and, therefore, (11) implies∑
n ‖Gn‖op(n) =
∑
n ‖Gn‖L∞(Q)(n) < ∞.
By Example 2.1 and the above inequality, the Walnut representation (15) is the Fourier series
of Sg ∈ B(L2(Rd)) with respect to the representation
U(	)f (x) = e2i	·xf (x), 	 ∈ Q1/, f ∈ L2(Rd).
Similarly, the weak Walnut representation (14) implies that
Sg˜  −d
∑
n∈Zd
G˜nTn/,
where G˜n is the operator of multiplication by G˜n, n ∈ Zd , is the Fourier series of Sg˜ .
Lemma 2.1. Assume that g ∈ L2(Rd) is such that G(g, , ) is a Gabor frame for L2 and∑
n∈Zd
‖Gn‖L∞(Q)(n) < ∞. (16)
Then the frame operator Sg is a bounded operator from W(L∞, 1) to W(L∞, 1).
Proof. Since (16) implies Sg ∈ B, the result follows immediately from Theorem 2.2. 
Remark 2.3. For a different proof of Lemma 2.1 we refer to [22,35, Theorem 3.1]. A similar
result is also proved in [9, Theorem 7.2]. Following that proof it can be shown that condition (16)
in Lemma 2.1 is not only sufﬁcient but also necessary.
Remark 2.4. We wish to point out that under the assumption of Lemma 2.1, Sg is also bounded
on W(Lp, 
q
 ), for 1p, q∞ as mentioned in Remark 2.2.
3. Main results
We are now ready to prove our main result.
Theorem 3.1. Let ,  > 0 and g ∈ W(L∞, 1) be such that G(g, , ) and G(g˜, , ) are
canonical dual Gabor frames for L2(Rd), where g˜ = S−1g g. Then g˜ ∈ W(L∞, 1).
Proof. As mentioned above, since g ∈ W(L∞, 1), the Gabor frame operator Sg has a
-summable Fourier series (15). By Corollary 2.1, its inverse S−1g = Sg˜ , [20, Lemma 5.1.6],
also has a -summable Fourier series, i.e.,
Sg˜ = −d
∑
n∈Zd
G˜nTn/
and ∑
n∈Zd
‖G˜n‖L∞(Q)(n) < ∞.
It remains to apply Lemma 2.1 to conclude that g˜ ∈ W(L∞, 1). 
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Remark 3.1. Let p2 and 1q∞. Assume that g ∈ W(Lp, q ) ⊂ L2(Rd) is such that
G(g, , ) is a Gabor frame for L2 such that (16) holds. Then, Theorem 3.1 can be extended to
prove that g˜ ∈ W(Lp, q ).
Remark 3.2. It is known that for a Gabor frame G(g, , ) of L2(Rd) the system G(
, , ) is
a dual frame if and only if 
 = g˜ + h where g˜ is the canonical dual, and h ∈ L2(Rd) is such
that 〈h,Mn/Tm/g〉 = 0 for all m, n ∈ Zd , e.g., see [20, Lemma 7.6.1]. Therefore, in view of
Theorem 3.1, one can ask whether for a given Gabor frame G(g, , ) with g ∈ W(L∞, 1), all
the dual frames belong to the same space. In general, the answer to this question is no, as shown
by the following example.
Let g = [0,1] be the generator of a Gabor frame G(g, 1/2, 1) and g˜ be its canonical dual.
For an arbitrary sequence (ak) ∈ 2\1, deﬁne h ∈ L2 via
h(x) =
∑
k∈Z
ak[k,k+1)(x)e2ix .
Then 〈h,M2mTng〉 = 0 for all m, n ∈ Z and, therefore, g˜+h is a dual generator for g by [20,36].
However, by construction, h /∈ W(L∞, 1), and hence g˜ + h /∈ W(L∞1).
We recall that if G(g, , ) is a Gabor frame forL2(Rd), then G(g†, , ) is a tight frame, where
g† = S−1/2g g. Indeed, for all f ∈ L2(Rd), we have
f = S−1/2g SgS−1/2g f =
∑
k,l
〈f, g†k,l〉g†k,l .
The next result proves that if g ∈ W(L∞, 1), then g† ∈ W(L∞, 1). More speciﬁcally we have
Corollary 3.1. Let ,  > 0 and g ∈ W(L∞, 1) be such that G(g, , ) is a Gabor frame for
L2(Rd). Then g† ∈ W(L∞, 1).
Proof. Let g ∈ W(L∞, 1) and ,  > 0 be such that G(g, , ) is a Gabor frame for L2(Rd).
Note that Sg ∈ B(L2(Rd)) is a positive deﬁnite operator on L2(Rd). Therefore, we can use
Riesz–Dunford functional calculus [13, Chapter VII] to get
S
−1/2
g = 12i
∫

−1/2(Sg − I )−1 d,
where  is a positively oriented contour in the right complex half-plane surrounding the spec-
trum of Sg . By Corollary 2.1 the above integral converges in the norm of B and we get S−1/2g ∈
B(L2(Rd)). Consequently, Theorem 2.2 can be used to conclude that g† = S−1/2g g ∈
W(L∞, 1). 
Remark 3.3. Theorem 3.1 and Corollary 3.1 were proved under extra assumptions on g, 
and  in [35, Corollary 3.5].
We wish to conclude by outlining a possible alternative approach to the proof of Theorem 3.1
which does not use Lemma 2.1. Instead, this proof relies upon the following propositions, the ﬁrst
of which, to our knowledge has not been proved before.
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Proposition 3.1. Let g ∈ W(L∞, 1) and G(g, , ) and G(g˜, , ) be canonical dual Gabor
frames for L2(Rd). Then for almost every x ∈ Q1/ and all k ∈ Zd
[g˜, Tkg]1/(x) = −d
∑
n∈Zd
[g, Tng]1/(x − k) [g˜, T(k+n)g˜]1/(x) (17)
and we have the following norm estimates:∑
k∈Zd
‖[g˜, Tkg]1/‖L∞(k)  −d
∑
n∈Zd
‖[g, Tng]1/‖L∞(n)
×
∑
n∈Zd
‖[g˜, Tng˜]1/‖L∞(n), (18)
whenever the right-hand side is ﬁnite.
Remark 3.4. From Theorem 3.1 and (12), we know that the right-hand side of (18) is always
ﬁnite under assumptions of Proposition 3.1. However, we cannot use this fact if we want to give
an alternative proof of Theorem 3.1.
Proof. Because G(g, , ) and G(g˜, , ) are dual frames we have
g =
∑
r,s∈Zd
〈
g,MsTrg
〉
MsTr g˜
and so
Tkg =
∑
r,s∈Zd
〈
g,MsTrg
〉
e−2is·k MsT(r+k)g˜.
Therefore, for a.e. x ∈ Q1/
[g˜, Tkg]1/(x) =
∑
n∈Zd
(g˜ · Tkg)(x − n )
=
∑
r,s∈Zd
〈
g,MsTrg
〉
e2is·k e−2is·x [g˜, T(k+r)g˜]1/(x)
=
∑
r∈Zd
[g˜, T(k+r)g˜]1/(x)
∑
s∈Zd
〈
g,MsTrg
〉
e2is·(x−k)
= −d
∑
r∈Zd
[g, Trg]1/(x − k) [g˜, T(k+r)g˜]1/(x),
where the last equation follows from Carleson’s theorem since for g ∈ W(L∞, 1) the Fourier
series of [g, Trg]1/(x − k) = d
∑
s∈Zd
〈
g,MsTrg
〉
e2is·(x−k) with L2 convergence.
Consequently,
‖[g˜, Tkg]1/‖L∞−d
∑
r∈Zd
‖[g, Trg]1/‖L∞ ‖[g˜, T(k+r)g˜]1/‖L∞ ,
∑
k∈Zd
‖[g˜, Tkg]1/‖L∞(k)−d
∑
r∈Zd
‖[g, Trg]1/‖L∞(r)
∑
r∈Zd
‖[g˜, Tr g˜]1/‖L∞(r),
and the proof is complete. 
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Proposition 3.2. Let g ∈ W(L∞, 1) and ,  > 0 be such that G(g, , ) is a Gabor frame for
L2(Rd). Assume that G(g˜, , ) is its canonical dual frame. Then∑
r∈Zd ‖[g˜, Tr/g˜]‖L∞(r) =∑
r∈Zd ‖G˜r‖L∞(r) < ∞.
Proof. The result follows immediately from Corollary 2.1. 
Note that Proposition 3.2 implies that
‖[g˜, g˜]‖L∞ =
∥∥∥∥∥∥
∑
k∈Zd
|g˜(· − k)|2
∥∥∥∥∥∥
L∞
B < ∞
and it follows that g˜ ∈ L∞(Rd).
Conjecture 3.1. Let ,  > 0 and g˜ ∈ L2(Rd) be such that∑
r∈Zd
∥∥[g˜, Tr/g˜]∥∥L∞ (r) < ∞.
We conjecture that in this case∑
n∈Zd
∥∥[g˜, Tng˜]1/∥∥L∞ (n) < ∞.
Remark 2.1 indicates a major obstacle in proving Conjecture 3.1. However, if the conjecture
were true, we could give the proof of Theorem 3.1 as follows.
Let mk(x) = −d [g˜, Tkg]1/(x), k ∈ Zd . These functions are well-deﬁned because g, g˜ ∈
L2(Rd) and so g˜ · Tkg ∈ L1(Rd). Consequently, mk ∈ L∞(Q1/) and is 1 -periodic. Moreover,
mˆk(l) = Cgg˜(k, l), k, l ∈ Zd , are theGabor coefﬁcients of g˜with respect to the frameG(g, , )
[22]. By Proposition 3.1 and Conjecture 3.1,∑
k∈Zd
‖mk‖L∞(k)−d
∑
n∈Zd
‖[g, Tng]1/‖L∞(n)
∑
n∈Zd
‖[g˜, Tng˜]1/‖L∞(n) < ∞.
Hence, it follows from [22, Theorem 4.4] that g˜ ∈ W(L∞, 1).
4. Concluding remarks
The essential part of this paper is translating a general result due to Baskakov [3–5] into a
time–frequency setting. Accordingly, we wish to point out that the results we proved here for
Gabor frames on Rd can be easily extended to the general context of Gabor frames on locally
compact Abelian (LCA) groups, since the relevant Baskakov’s results hold for countable discrete
LCA groups.
One could also ask whether Baskakov’s results can be used to extend our results to the non-
separable lattice case. In particular, we could consider a Gabor frame generated by a symplectic
lattice [20, Section 9.4] and awindow g ∈ W(L∞, 1), and ask if the canonical dual belongs to the
same space. The analogous question for Gabor frames with windows in the Feichtinger algebra
M1 was treated in [23]. We can show that the proof of Theorem 3.1 in the setting of Gabor frames
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with window in the Wiener amalgam space and symplectic lattices is reduced to determining
whether the so-called symplectic operator maps W(L∞, 1) into itself. This is a question we do
not know how to answer at this time. However, it seems to us that the symplectic operator is
not bounded on W(L∞, 1) since a special case of this operator is the Fourier transform which
is clearly not bounded on this amalgam space. For more on the symplectic operator we refer to
[18, Chapter 4] and [20, Chapter 9].
Finally, it is also unknown to us whether our result can be proved in the non-lattice case, even
though extensions of Baskakov’s results to the almost periodic setting was considered in [2].
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